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https://uvadl2c.github.io/

Irreps of SO(3): Wigner-D matrices

Equivalence of group representations

A (matrix) representation is called reducible if it can written as
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If the blocks p,(g). p,(g) are not reducible they are called irreducible representations (irreps)
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Irreps of SO(3): Wigner-D matrices

Wigner-D matrices of type [ are the irreducible matrix representations of SO(3).
We will denote these (2/ + 1) X (21 + 1) dimensional matrices with DY(R)

D(l)(R) — [Dr(rgz(R) ]iln,n=—l
N

Wigner-D functions
form an orthogonal basis for L,(SO(3))!!!

The (21 + 1) dimensional vector space on which DY(R) acts will be called a
steerable vector space of type / and denoted with V, = R**! A vector v € V,

will be called a type-/ vector.



Irreps of SO(3): Wigner-D matrices

Example (type 0): A type-0 vector v € Vyis just a scalar the trivially transforms by
a 1 X 1 dimensional “matrix”

DOR)v=1v=yv ® ®
v DO(R) v

Example (type 1): A type-1 vector v € V, is a 3D vector (e.g. velocity, force,
displacement) that transforms directly via the rotation matrix R € SO(3)

DYR)v=Ryv / \

v DO(R) v
//D’gff’)@(Raaﬁa}’) \

( cos(a)cos(y) — sin(a)cos(f)sin(y)  sin(f)sin(y) cos(a)cos(f)sin(y) + sin(a)cos(y)\
sin(a)sin(f3) cos(f?) —cos(a)sin(f)
\sin(a)(—cos(ﬂ))cos(y) — cos(a)sin(y) sin(f)cos(y) cos(a)cos(f)cos(y) — sin(a)sin(y) )




Wigner-D functions: complete orthogonal basis for functions on SO(3)

The Wigner-D functions D,f,,f,)@ : SO(3) — R form a complete orthogonal basis for functions on SO(3).
Thus any function can be represented in such an SO(3) Fourier series:
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The central columns D.j is invariant to rotations R, around o)
chosen reference axis : Homogeneous space: the sphere S

The sphere $? is a homogeneous space of 3D rotations SO(3)

The 8D rotation group SO(3) Ihe 2-sphere as a quotient space
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These SO(2)-invariant functions coincide with functions on the
sphere S? = SO(3)/SO(2): the spherical harmonics Y : S* — R!




Spherical harmonics: complete orthogonal basis for functions on 2

Solutions of Laplace equation Spherical Harmonics

(hence “harmonics”) () 210 L
Y (nﬂ’}/) DmO(Ra»Bﬁ’)

a.p.y - Rez,yRey,ﬁRex,a
nﬂ,y ) Rez,yRey,ﬁex

. A Fourier basis on the sphere S

 Fourier coefficients transform via
block-diagonal representations

Jf(Rn) = [# Ezl DR) F fll(n)
_— T~
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Figure from: https://en.wikipedia.org/wiki/Spherical_harmonics



Spherical harmonics are SO(3) steerable

A vector Hx) = / Y,(l)/ € K-

Since Y(ng ) ~ D:O(Ra,ﬂ,y) and D are (irreducible)
representations it follows

VResOG3)nes? YORn) = DOR) YV(n)




Spherical harmonics are SO(3) steerable

Equivariant attribute embedding

Functional representation of a
geometric quantity

/

n a0 =ym)  ¥(-) D a, v Rn  a¥=DO®YPm) v(-) ) al,¥YP()
LIm|<i L|m]|<

af] v ; DO(R) [af] v :

all ~ _Clll ~

g e DO(R) | 4 ”

al - | -

/ R ® L ¢ \/

o . -

az, ) 2
..o az, €9

aj G DO(R) | a5 Co

2
Cll ~ alz ~




Clebsch-Gordan Tensor Product

Consider the tensor product of two steerable vectors a € V; and b Vi
aiby a,b,

a®b=ab’ =|ab, ab,

The tensor product rotates via
T
a®b —~ DWMR)a®bD¥R)

Vectorized tensor products are steerable via:

vec@a®b) » (DYWRH®DUWR)) vec(a® b)

Its representation is block-diagonalizable: /Dll(R) \

L
Q—l D (R) Dl3(R) Q V€C(ﬂ®b)



Clebsch-Gordan Tensor Product

Consider the tensor product of two steerable vectors a € V; and b Vi

a\b, ab,
a®b=ab’ =|ab, ab,

The tensor product rotates via
T
a®b —~ DWMR)a®bD¥R)

Vectorized tensor products are steerable via:

vec(@®b) — (DYR) QDU(R)) vec(a ® b)
Its representation is block-diagonalizable: D)(R)

l
Clebsch-Gordan tensor product D(R)

vec(a @, b)
includes change of basis! D5(R)
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Clebsch-Gordan Tensor Product

Consider two steerable vectors v/ = v,fnl}) c Vll and v?) = v,g,%) c Vl2 of type [; and [, respectively

The Clebsch-Gordan tensor product is defined as

) W v — (L,m) WICURRC)
(V 1 ®Cg ’ ) 2 Z C(ll ml)(lz mz) ml m;

my=—l; my=—1,

» The Clebsch-Gordan tensor product is highly Familiar Examples:

sparse (many C“™ = 0) « Product of twoscalars ([, =0,/,=0,[=0)
(ly,mp)(ly,my)

 The scalar-vector product ([, =0,,,=1,[=1)

e Inparticularforalll < |[; =L, andl > [, + |, . The dot product (L, =1,1,=1,1=0)
the CG coefficients are zero.

 The cross product GL=1L=1,1=1)
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Clebsch-Gordan Tensor Product with the e3nn library

https://docs.e3nn.org/en/stable/

# » Euclidean naural networks () Edit on GitHub

Euclidean neural networks

What 1s eznn ?

e3nn is 3 python library based on pytcrch to create equivariant neural networks for the grocup

0(3).

Where to start?

» Guide to the e3nmn.o03.Irreps : Irreducible representations

» Guidc to implement a Convolution

o The simplest example to start with is Tetris Polynomial Example.
® Guide to Implement a Transformer

e c2nn API

o 03
o nn
o lo
o math

o util
e Uscr Guide

o |nstal

o |rreducible representations

o Convolutior

o Normalization

o Point inputs with pcriodic boundary conditions
o Transforme:

o Equlvariance Testing

o TorchScript JIT Support

o Changc of Basis

e Examples
R —
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https://docs.e3nn.org/en/stable/

|_ecture 2.1

Lecture 3.5

Message Passing NNa
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Lecture 3.3

Steer -
able G CNNs as Clebsch-Gordan networks

x)f/(x dx’

Conditional linear layers

MMWQQ Passing NNs
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