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What is a group?

A group (G, - ) is a set of elements G equipped with a group product -, a
binary operator, that satisfies the following four axioms:

« Closure: Given two elements g and / of G, the product g - A is also in G.
 Associativity: For g, h,1 € G the product - is associative, i.e., g (h-i)=(g-h) - i.
 Identity element: There exists an identity element ¢ € G suchthate-g=g-e = gforany g € G.

 Inverse element: For each g € G there exists an inverse element g_l € G s.t.
g rg=gg =e



Translation group (Rz, + )

The translation group consists of all possible translations in R’ and is equipped with the group
product and group inverse:

with ¢ = (X), g’ = (X’) and X, X’ € R”.

translate by g’

translatetV» # —\
W




2D Special Euclidean

Roto-ranslation group SE(2) * &

The group SE(2) = R? X SO(2) consists of the coupled space R* X S! of translations vectors

in R?, and rotations in SO(2) (or equivalently orientations in S), and is equipped with the group
product and group inverse:

g8 = (X, Ry) - (X', Ry) = (RQX,_I_Xa R9+9')
g~ = (-Ry'x, Ry
with g = (X, Ry), g' = (X, Ry).

roto-translate by g roto translate by g’

roto-translate by g - g’




2D Special Euclidean

Roto-ranslation group SE(2) * &

Matrix representation: The group can also be represented by matrices

cosfd —sinf x R
=xX,R) < G=]|smnf cosf y|= ( 0 X)
g_ ” T T
’ 07 1

0 0 1

with the group product and inverse simply given by the matrix product and matrix inverse.

In parametric form: (x,0)- (x,0)=(Rx'+x,0+ 06 )

<>

(Rg X) (Ré X’) <R9+9, RQX'-I-X)
In matrix form: —
0! 1 o' 1 0! 1



Scale-translation group R> X R*

The scale-translation group of space R* X R™ of translations vectors in R* and scale/dilation
factors in R™, and is equipped with the group product and group inverse:

g-g' =(x,5) (xX,s)=(sx"+X,s5)

_ 1 1
g : — (_?Xa ?)

with ¢ = (X, ), 2" = (X, §).

/
translate and scale by g translate and scale by g

with g - g—l — o — (091) / \
. IS X
matrix repr: G = ( )

i

0! 1




Affine groups G = R? X H

Affine groups are semi-direct product groups of some group /H with an action on

R¢ from which we derive the following group product and inverse
/ transform/shift sub-group

g:-8=xhn- -X,h)=0-xX+Xxh-Nh)
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Transform point + shift point

g—l — (_h—l . X,h_l)

with group elements g = (X, h), 2" = (X", h').



Psychology of vision: recognition by components

Low-level features
f -/

e.g. local surfaces = [ ]
(e faces) =y /7\
‘ ”m /"‘""‘3 - ’
@ @ ________ E#.('“‘V’ e }
& ( 70 | BN
ﬁ\ﬁ, features can appear at arbitrary ™ -4 Mid-level features arranged at
s locations, angles, and scales l\' \) relative angles and displacements
‘@ form high-level features such as

Low-level res arran . .
ow-level features arranged at bifurcations

relative angles and displacements
form mid-level features

e V[
-
-
”
-

Mid-level features
(e.g. vessel segments) By,



Translation group (Rz, + )

The translation group consists of all possible translations in R? and is equipped with the group
product and group inverse:

g8 =(XxX+Xx)
g~ = (-x)
with ¢ = (X), g’ = (X’) and X, X’ € R”.



Translation group (Rz, + )

The translation group consists of all possible translations in R? and is equipped with the group
product and group inverse:

g8 =(XxX+Xx)
g~ = (-x)
with ¢ = (X), g’ = (X’) and X, X’ € R”.



Translation group (Rz, + )

The translation group consists of all possible translations in R’ and is equipped with the group
product and group inverse:

g 8 =(X+Xx)
g~ = (-x)
with ¢ = (X), g’ = (X’) and X, X’ € R”.
o "o : ‘e ’
: .(3 : — / ® o o ®
I multiply each element with ¢

® oo ® (using group prod)



2D Special Euclidean

Roto-ranslation group SE(2) * &

The group SE(2) = R? X SO(2) consists of the coupled space R* X S! of translations vectors

in R?, and rotations in SO(2) (or equivalently orientations in S), and is equipped with the group
product and group inverse:

g8 = (X, Ry) - (X', Ry) = (Ryx'+X, R9+9')
g~ = (-Ry'x, Ry
with g = (X, Ry), g' = (X, Ry).
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2D Special Euclidean

Roto-ranslation group SE(2) * &

The group SE(2) = R? X SO(2) consists of the coupled space R* X S! of translations vectors

in R?, and rotations in SO(2) (or equivalently orientations in S), and is equipped with the group
product and group inverse:

g8 = (X, Ry) - (X', Ry) = (RQX,‘|‘X, R9+9')
g~ = (-Ry'x, Ry
with g = (X, Ry), g' = (X, Ry).
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o ‘ \\*-r’
: > ‘ - /
\ 4 multiply each element with g

Nano>” (using group prod)
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S0... How to translate this to (G-)CNNs?

Set of points (group elements) Convolution kernel

—)
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S0... How to translate this to (G-)CNNs?

Set of points (group elements) Convolution kernel

—)

“A collection of parts in certain poses”

(81,82 ...} CG=(R* +)
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S0... How to translate this to (G-)CNNs?

Set of points (group elements)

(81,82 ...} CG=(R* +)

“A collection of parts in certain poses”

Convolution kernel

—)

*Assigning weights to relative poses”™

-

k e L,(R?)
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S0... How to translate this to (G-)CNNs?

Set of points (group elements) Convolution kernel

{glag29}CG:(L 29+) kE[LZ(L 2)
“A collection of parts in certain poses” *Assigning weights to relative poses”

Transforms via group product



S0... How to translate this to (G-)CNNs?

Set of points (group elements) Convolution kernel

-

{glag29}CG:(L 29+) kE[LZ(L 2)

“A collection of parts in certain poses” *Assigning weights to relative poses”

Transforms via group product Transforms via group representations



Representations

A representation p : G — GL(V) is a group homomorphism from G to the
general linear group GL(V).

That is p(g2) is a linear transformation that is parameterized by group elements
¢ € G that transforms some vector v € V (e.g. an image) such that

p(g) e p(@)vl =p(g'- g) V]

12



Representations

A\

/

A representation p : G — GL(V) is a group homomorphism from G to the
general linear group GL(V).

That is p(g2) is a linear transformation that is parameterized by group elements
¢ € G that transforms some vector v € V (e.g. an image) such that

p(g) e p(@)vl =p(g'- g) V]
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Representations

p@IV] X ¥ _ v

A representation p : G — GL(V) is a group homomorphism from G to the
general linear group GL(V).

That is p(g2) is a linear transformation that is parameterized by group elements
¢ € G that transforms some vector v € V (e.g. an image) such that

p(g) e p(@)vl =p(g'- g) V]
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Representations

p@IV] X ¥ _ v

:

p(g)lp(g)lv]]

A representation p : G — GL(V) is a group homomorphism from G to the
general linear group GL(V).

That is p(2) is a linear transformation that is parameterized by group elements
¢ € G that transforms some vector v € V (e.g. an image) such that

p(g) e p(@)vl =p(g'- g) V]
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Representations
T

p@IV] X ¥ _ v

:

p(g)lp(g)lv]]

p(g - gIv]

A representation p : G — GL(V) is a group homomorphism from G to the
general linear group GL(V).

That is p(2) is a linear transformation that is parameterized by group elements
¢ € G that transforms some vector v € V (e.g. an image) such that

p(g) e p(@)vl =p(g'- g) V]
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Left-regular Representations

A left-regular representation & 0 is a representation that transforms functions f by
transforming their domains via the inverse group action

L [f1(x) == flg™" - x)
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Left-regular Representations

Example:

f € Ly(R?)

G =SE(2)

Z (N = fR;'(y = %))

A left-regular representation & 0 is a representation that transforms functions f by
transforming their domains via the inverse group action

L [f1(x) == flg™" - x)
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Left-regular Representations

Example:

fe LR 3/
- a 2D Image

G =SE(2)

- the roto-translation group

Z (N = fR;'(y = %))

- a roto-translation of the image

A left-regular representation & 0 is a representation that transforms functions f by
transforming their domains via the inverse group action

_1 »/\ "group action” equals
gg [f] (,X) — f(g o x) group product when

domainis G

13



Left-regular Representations

Example: -
Z
fE H_Z(Rz) gg/ \
- a 2D image -
"= '@

- the roto-translation group
A left-regular representation & 0 is a representation that transforms functions f by
transforming their domains via the inverse group action

_1 »/\ "group action” equals
gg [f] (,X) — f(g o x) group product when

domainis G

Z (N = fR;'(y = %))

- a roto-translation of the image
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Left-regular Representations

Example: -

Z

f € Ly(R?) Z g/ .

- a 2D image -
- the roto-translation group

Z,(NY) = fR;(y - x) ~_ Lo,

- a roto-translation of the image

A left-regular representation & 0 is a representation that transforms functions f by
transforming their domains via the inverse group action

_1 »/\ "group action” equals
gg [f] (,X) — f(g o x) group product when

domainis G

13



Group actions

Group product (the action on G)

; \ s !
¢ // \\ [} Y ”
‘ 4 \\-.—»”
/ b € /#
g o g \ - 4 multiply each element with g
N » ;
L ( UUUUUUUUUUUUUU )



Group actions

e
. e e \\
Group product (the action on G) SN
,,"*‘\\\ ' ¢ -t‘:/f ;

{/ // *\\ x h—_’/ _‘\ »

/ * ° . 4
g ' g \ T g multiply each element with g
N (using group prod)

Left regular representation (the action on L, (X))

5‘/*@
ggf \({_/
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Group actions

Group product (the action on G) T
/ { - '5\ :: “__d/ \\w:’/
g * g \\::::/ {S:iléiglérii%hp?fg;em with g
Left regular representation (the action on [I_Z(X)) o / —Z
. f - @
Group action (the action on | d) gOX
? ®
gOX S
x € R?

14



Group actions

. ,’*‘_‘_ “\
Group product (the action on G) SN
,,“’"‘\\ : ¢ e /’ 1
4 - w % 1 e /‘

y - ! N\ -

} o 4 h—_’/ \\-.->"'

/ / b € l#
g ' g gg \ T g multiply each element with g
N (using group prod)

Left regular representation (the action on L, (X)) ¥ s — %
ggf gf ~_ T«

d) g OX

7

x € R?

Group action (the action on |

gOX §X
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Equivariance

X Y

Equivariance is a property of an operator

® : X — Y (such as a neural network layer)
by which it commutes with the group action:

A 4

Do pX(g) =pY(g) o @ P () p(8)

[ o

group representation action on X

NV

15



